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In this paper, we obtain new results on the critical points of a polynomial. We discuss 
the Sendov conjecture for polynomials of degree nine. 
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1 Introduction 



> 

0^ ■ Let Vn denote the set of all monic polynomials of degree n(> 2) of the form 
(N . ^ 

CN . P{z) = [[{z - Zk), |zfc| < 1(A; = !,••• ,n) 



with 



n-l 

p'{z)=nY\{z-Cj), ICil < l(i = I,-- - ,n-l). 
X ■ Write I{zk) = min \zk — Cj\, I{p) = max /(z^), and I{Vn) = sup I{p). 

■ 1<J<"-1 l<fc<n peVn 



It was showed that there exists an extremal polynomial p* , i.e., I(Vn) = I{Pn) find that 
p* has at least one zero on each subarc of the unit circle of length 7r(see [3], [9]). 
It will suffice to prove the Sendov conjecture assuming p is an extremal polynomial of 
the following form, 

n-l 

p{z) = {z- a) n - ^k), \zk\ < = 1, • • • ,n - 1) 

k=l 

with 

n-l 

p'{z)=nY[{z-Q, 101 < l(i = !,••• ,n-l), aG[0,l]. 

Let rk = \a — Zk\-, Pj = \a — Cj\ for /c, j = 1, 2, • • • , n — 1. By relabeling we suppose that 
Pi< P2< ■■■ < Pn^i, n < r2 < • • • < r„_i. (1.1) 
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We have(see [5], [7], [10]) 

2pi sin(^) < rjfc < 1 + a, k = 1,2,- ■ ■ ,n - 1. (1.2) 

Sendov conjecture. The disk — a| < 1 contains a zero of p'{z). 

If a = or a = 1, Sendov conjecture is true(see [7], [11]), we suppose a G (0, 1). 

In this paper, we obtain the following theorems. 

Theorem 1. If 1 — (1 — |p(0)|)n < A < sin(^) and A < a, pi > 1, then there exists a 
critical point Co = a + Poe*^° such that ReCo > 5(0 - ^^^^). 
This theorem improves the previous known results (sec [2], [4], [5], [8]). 
Theorem 2. Up is an extremal polynomial, n = 9, p{a) = 0, and a € [0,0.845), then 
the disk I2; — a| < 1 contains a zero of p'{z). 
Theorem 3. For p> 0, and m is real number, we have 
Ilrkp-'< n PjP"^ n p^-'2smf. 

rk>P Pj>P"' p'"-i2sin3^>l 

2 Proof of the Theorem 1 

Lemma 2.1. If < a < 1 and pi > 1 , then 

\piz)\ > 1 - (1 - A)" , for < |z - a| = A < sin(7r/n). 
This is Lemma 2.16 of [2] (see [1]). 

Proof of the Theorem 1. We apply Lemma 2.1 to conclude that 

\p{z)\ > 1 - (1 - A)" > |p(0)|, < |z - a| = A. 

Since p{z) is univalent in I2; — o| < A, it follows that there exists a unique point zq with 
\zo — a\ < X such that p(0) = p{zo). We assume that Imzo > 0(if not, consider p{z)). 
By a variant of the Grace-Heawood theorem, there exists a critical point in each of the 
half-planes bounded by the perpendicular bisector L of the segment from to zq. Let 
(0 = a + poe'^° be the critical point in the half-plane containing zq. 
The equation of L is |z| = |z — zqI, that is 

zz = {z - zo){z -z^), (2.1) 



then 

koP = ZZ^ + ZZq. 

Let z* = e^^° be the joint point of L and the circle \z\ = 1, Imz* > 0, then 

\zq\^ = e^*z^ + e-*/^ozo. 
Hence 

that is 

If = a, the theorem is true, we write zq = a + re'", < r < A. We choose 

cos I5q = ^{a + r cos a) — a/4— |zopr sin a, 

1 1 V-i ^ "■^ ^ 2or- cos o — 

cospo = + J' COS a) — = — r sma. 

2 2 -y/aS _|_ 207- cos a + 

We fix r and consider the circle |2; — a| = r, let sinai = ~^ , x = cos a and 
then 

cos^o = \{a + rF{x)), 

it is sufficient to give lower bound of F{x) for x G [—1, — 
Write = -F(-x), then 

1 4.-0? + 2arx - /- r 

G(x) =x + \ — 2 — ^ 2 VI -a;^ 

V — zarx + 

it is sufficient to give upper bound of G{x) for x G !]• 
Write ^ = ^^^^f , = a2 - 2ara; + r^. 
We have 

G\x) = 1 + iv^V'Vl - a;2 - - x^)"^ 



and ij}' = 8ar{a'^ — 2arx + r^) ^, 
hence 

G'{x) = (f>-^i^-^l-x'^)-^2Gi, (2.8) 

where 

Gi = (^i(4-(^)^(l-x2)5 +4ar(l-x^)-a;<^(4-(^). (2.9) 

We have x = then 

Gi = -^G2, (2.10) 
2ar 

where 

G2 = </)§ (4 - <^) i (4aV2 - (a2 + r2)2 + 2(0^ + r^)^ - (^2-)i 

+ 80^2 - 2(a2 + r2)2 + 4(a2 + r^),/) - 2(^2 _ (^2 ^ ^2 _ ^-,^(4 _ 

hence 

G2 = (4 - (^) i (4aV2 - (a2 + r^)^ + 2{a'^ + r^)(j) - ^'^)^ 
+ 8a2r2 - 2(a2 + + («' + + 2)<^' - (t>^ 
and G [(a — r)^, — r^]. 
The roots of G2 satisfy 

L = (f)^{4 - (l)){4a\^ - (a2 + + 2{a^ + r^),^ - cf,^) = 

{(j)^ - (a^ + + 2)02 + 2(a2 + r^)^ - SaV^)^ = 

say. 

We have 

L = <f- 2{a^ + + 2)(/)5 + (8(0^ + r^) - 4a2r2 + (a^ + r2)2),/,'i + (IGa^r^ - 4(0^ + r2)2)03^ 

i? = _ 2(^2 + ^2 + 2)05 + (^2 + ^2 + 2)204 + 4(^2 _ ^2-)2^3 _ 4(^2 + ^2 + 2)(a2 - r2)202 + 

4(a2 - r2)4. 

Let d = 1 — r2, ei = a2 — 1, by L = i?, we deduce 

eid04 _ 2(ei + d)203 + (4 + _ + ^)2^2 _ + ^ 

that is 



(ei(/.2 - 2(ei + d)(l) - (ei + _ 2{ei + d)4> + (d + df) = 0, 

2 2 

1+r 



there is only the root 00 = ^jj^ £ [(a — '')^, — r^], and 



_ _ 2r+a^+r^ f= [I 11 

•^0 ~ 2ar ~ 2a{l+r) "^La'-^h 

We have - 0) < 0, G'(^) > 0, G{xo) is the maxima value of G{x) for x G 1]. 

We obtain G(a;o) = ^,and G{x) < x G 1], hence 

F{x)>-r^, xe[-l,-^], 

cos^o>|(a-^)>i(a-^), 

by the Gauss-Lucas theorem , Theorem 1 follows. 

3 Proof of the Theorem 2 

We improve the methods of [5]. 

If p{0) = 0, the Sendov conjecture is true(see Satz 3 of [11]). 

In this section, we assume that ^ 0, ^ a, k = 1, ■ ■ ■ ,n — 1 and that p{z) is 
extremal: I{Vn) = I{p) = I {a) = pi- 

Lemma 3.1. If Ck{k = !,■■■ ,N), m, M, C are positive constants with 

N 

m<Ck<M, II Ck>C and <C < , then 



k=l 



A 1 N-v v-l m^-^'M'^-i 2 
k=l 1^ 



where v = min{j G Z : M^m^ ^ > C}. 
Proof. See Lemma 7.3.9 of [10]. 
Lemma 3.2. U w ^ a, then 



n—l n—l 

Y[{a- Zk) = nY[{a-Cj), 

k=i j=i 

n—l n—l 

Ylrk = nY[pj, 

k=i j=i 



} 



1 1 1 IT 

1 , 1 \u-\- — cr 



a — w 2a 2a|o — lup' 

^ n—1 ^ n—1 

fc=i j=i 
Proof. See (2.2), (2.3), (2.5) of [5], and (2.3.1) of [10] . 

Let 

Cj - a Zk-a 

Ij = 7 and Wk = -. 

aQ — 1 azk — 1 

By (2.11) of [5], we have 

n-l 

n-1 n l^^fel 

fe=l 



A 2 

fc=i 



We take n = 9, then 



8 n i^^fci 

jl\^^\^9-Aay{l + a^)-6a ^'"'^ 



Lemma 3.3. Let ^9(^9 = 0.4314 • • • ) be the smallest positive root of 9 — — 6x — 
(1 + X - x^)^ = 0, and a < Ag, then pi < 1. 
Proof. This is Lemma 3.2 of [5]. 

Lemma 3.4. If pi > 1, and (0 = a+poe^^° is the critical point in Theorem 1, 70 = aCo^i ' 
then 

1 

I70I > 



Vl + A(A + 2) - a2A(A + 2) 
Proof. We have I70P = a-W-LeCo+i ' ^ - ^ence 
po cos 6*0 > -^(a + ^^^^), and 

l^„l2 = ^ > 

I '01 o4-2a2+l+a2pg+2o(a2-l)pocos6»o - a4-2o2+l+o2pg+(l-o2)(a2+A(A+2)) 

^ 1 

^ l+A(A+2)-a^A(A+2) ' 

the lemma follows. 

Lemma 3.5. If |7j| < , then pj < 1. 



Proof. See Lemma 1 of [4]. 

Lemma 3.6. li R e (0, 1], w = \z\ < R, then 



. . Izl + a R + a 
\w\ < —r-. < 



a\z\ + 1 aR + 1 
Proof. We have 



|2 _ |2-ap _ \z\'^-2aRez+a? ^ \z\^+2a\z\+a'^ _ {\z\+a) 
~ |az-ip ~ a''\z[-'-2aRez+l — d^\z[''+2a\z\+l ~ (o|z|+l)^ ' 

hence 



L„| < kl+Q < R+a 
l^^l - a|2|+l - aR+1- 

Write B = B{R) = 

Lemma 3.7. If a G [0.4314, 0.51952], or if there exists \zk\ < 0.4 for a G [0.5195, 1], then 
I{a) = pi < 1. 

Proof. If I (a) > 1 and there exists \zk\ < R, then, by (3.1), Lemma 3.4, and Lemma 3.5, 
there exists some ^yj^, 

V'l+A(A+2)-a2A(A+2) ^ j-J^ ' ^ 9-4aV(l+a^)-6a ' 

hence 

I |7 Vl+A(A+2)-a2A(A+2) 
I 'JO I ^ 9-4aV(l+a^)-6a 

By Lemma 3.5, it suffices to show 

oJ? + 1 



(9 - 4aV(l + a^) - 6a) "'^ - ^1 + (1 - a2)A(A + 2)(1 + a - a^)^ > 0. (3.2) 

R -\- a 

We consider the conditions for A, 

b(0)| = a n \zk\ <aR, 1 - (1 - |p(0)|)5 < A < sin(f ), 
fe=i 

we choose 

A = l-(l-aii:)i, 

and R satisfies R < a~^{l - (1 - sin(5))9). 
If a G [0.4314, 0.51952], we take R=l, then 

9 - 4aV(l + a^) - 6a - (1 + a - 0^)^71 + (1 - a2)A(A + 2) > 0, 



we obtain (3.2). 

If a G [0.5195,1], and there exists \zk\ < 0.4, we take R = 0.4, (3.2) holds again, the 
lemma follows. 

Lemma 3.8. If a G (0.5195, 1], x e [0.4, 1], then 



^ + 9^ - ^ 

Proof. It is sufficient to show 

(l + x2)2 < 9x^ 
this holds for x G [0.4, 1], the lemma follows. 

We have ^ = -(^ + E ^), and 9 ft 101 = (« ft Mil + E ^1- 

' k=i j=i k=i k=i 

8 8 8 8 

let A = Reil + E i), ^ = E ^^r, then 9 H 101 > -Aa R \^k\. 

k=l k=l ^ 3=1 k=l 

Lemma 3.9. If pi > 1, a G [0.5195, 1], and l^fcl G [0.4, 1], A; = 1, • • • ,8, then 

8 9 

A< |-8aH (l-a^)(7. 

a 8a 



Proof. Write Zk = \zk\e^^'', Q = a + pj-e**^ , 1 < k, j < 8. By Lemma 3.2, we have 



k=l k=l 

A = ^ + -i^e X; + g COS ^„ (3.3) 



^ jzfcp — a^ y^COSt 



fc=i 



fc ,=1 Pi 



Since > 1, we deduce cos tj < 0, 



E ^^>8 + aEcost,-. 
fe=i j=i 

But 



8 8 8 

i?e E = 8a + E Pj cos t j < 8a + E cos tj , 
hence 



i?eE0<8«-| + ^ E and by (3.3) 

j=i k=i 



A < 8a - - + g(^^^ + cos^.). (3.4) 



We want to prove 



H ■ — ■ — cos6'fe<- —. (3.5) 



8a rl \zk\ 8a 

If cos^jfc < 0, (3.5) is valid , we assume cos^j^ > and write x = 9 = 6)- , then 

= a^ + — 2ax cos 9. We want to show 

^2 _^ — ^(a^ + - 2ax cos 0) cos 6* < 1, 
9x 

it suffices to prove 

, (WKo^+x^ 

^ ^ 9x2 ^ ^' 

for a G (0.5195, 1], x G [0.4, 1], this is true by Lemma 3.8, the lemma follows. 
Lemma 3.10. Let m = a G [0.5,0.95], /(x) = ^^_jC^^l^^y2 , then f'{x) > 0, for 
X G [0.4,1). 

Proof. We have /'(x) = (i_^m)t (a+^)4 ^, where 

Y = {{m- 2)x"'+^ - mx"*-^ + 2x)a + mx"'+^ - (2 + m)x"* + 2. 

If y = 0, we will obtain a > 0.955 for x G [0.4, 1), hence F / for a G [0.5,0.95], x G 
[0.4, 1). When a = x = 0.8, y > 0, the lemma follows. 
Lemma 3.11. If pi > 1, we have 

nioi<(np,)(a'-i + iE^^)'- 
j=i j=i k=i ^ 

Proof. By Lemma 3.2, we obtain ^i—M. = g + 2 then 



i=i fe=i ""fc 



^%<8a2-8 + 2^ Mfp^!. 
j=i fe=i 

Apply the arithmetic-geometric means inequality: 

ftM = (fltii:,4<(i|;K*i;)4, 

i=i i=i j=i 

the lemma follows. 

We will use the following conditions 



2 _ 

+ (l-a2)((T-4) < 0, xG [0.4,1]. (3.6) 



x'-l 2 



(1 -x"^)(a + x)2 



Lemma 3.12. If cr > 4, pi > 1, and condition (3.6) holds with m = ^, then 



4^(8 -^a)(l-a2)-3<(^- 4)^9 

Proof. By Lemma 3.9 and Lemma 3.11, 

(8 - - 1(1 - a^)a) ft < 9( ft P,){a' - 1 + 1 E 

fe=i j=i fe=i 

Write 



4^ ri 

k=i k k=i 



then 



8-8a2-^(l-aV<9(np,)$^ (3.7) 



Write X = 2;^ = xe*^, r1 = o? + — 2ax cos0, a = — 1 + | E ^^'^ 2 ° 
we win show 

(« + — * <« + -r:^, (3.8) 



that is 



2 _ m 
a"' + 4arif < 0. 

Since 

a<a2-l + lE^<«'-l + i(l-a')^-^, 
and Tk < a + x, it is sufficient to have the condition (3.6) 

x^-1 



+ (l-a")(a-4) <0, 



{1 - x'^){a + x)"^ 
for cr > 4, we obtain (3.8). 
Apply (3.8) eight times we have 

$< l(l_a2)(a-4). 

Using this inequality in (3.7), the lemma follows. 

Write i?jt = rfe fl rf' , 

i=i 

U*ia) = (8-.*)(^)-| + (.*-l)(lJ^)- + {(^)i(-^*)(i±^)^*-r, (3.9) 
l + a 95 l + a 95 



-1 /~\ 



where 



15 



V* = min{i eZ:j> {71og(-^)}(log{ + "^J })-^}. (3.10) 

/siHg 98 (2 Sin 1)8 

Lemma 3.13. If pi > 1, then 

k=l 

8 

Proof. We have Y\ Rk = 1- By (1.1), (1-2), and Lemma 3.2, we deduce 
k=l 

1 + a 98 



Taking N = 8, C = 1, m = M = Cfe = Rk in Lemma 3.1, the lemma 



fohows. 

By (1.1), (1.2), Lemma 3.1 and Lemma 3.2, we obtain 

a < U{a), (3.11) 
where 



U{a) = (8 - i;)(2sin + (t, - l)(l + a)-^ + {(2 sin ^)'-^(l + ay-'^-'y, (3.12) 

and 



V = mm{j G Z : j > log{9(2sin -)-«}(log{(l + a) (2 sin -)-'})-'}. (3.13) 
Lemma 3.14. If pi > 1, 4 < a < U{a) < f , a G [0.5,0.95], then 



C/(a)-4' (l-a2)3 

Proof. Let a G [0.5,0.95], by Lemma 3.10, the following inequahty is sufficient for (3.6) 
lim -n-^^r^-^ + (1 - a'^)(a - 4) < 0, 

that is cr < 4 + (^i_a-)fi+a)^ ' ^^^^ for cr < ^ . 

By Lemma 3.12, Lemma 3.13 and Lemma 3.2, 

4^(8 - |a)(l - a2)-3 < {(9 fl P,)^a - 4(9 ft Pjf^V 

j=i j=i 



= { E - 4(9 n Pit-Y < {U*{a) - 4(9 R Pj)h'- 
k=i j=i j=i 

Using Lemma 3.12 again, we deduce 

(8 - ^a)Hl - aY'i < \u*{a) - 4(8 - ^a)i(l - aYH^r - 4) 

using (3.11), (3.12) and (3.13), the lemma follows. 

Using (3.10) and (3.13), we obtain 

V* = 6:a> 9^(2sinf)-^^ - 1 = 0.723- •• = 02; 

V* = 7:a<a2, a> i^^)^ - 1 = 0.445 • • • . 

?; = 5:a>95(2sin|)^-l = 0.948--- ; 

?; = 6:a< 0.948--- , a>9g(2sinf)^ - 1 = 0.636 •• • = oi; 

V = 7 : a < ai, a> 0.445 • • • . 

We divide the range of a into intervals: [0.5195, ai), [01,02), [02, 0.845). 
If pi > 1, by (3.9) and (3.12), we get contradiction with Lemma 3.14 . 
Hence, by Lemma 3.7, we obtain Theorem 2. 

4 Proof of the Theorem 3 



As in [12], for any function h{z), write 
M{h) = eMi^7^og\h{e'')\de). 





Given two polynomials Qn{z) = E ( t, ) c-k^^ Rn{z) = E ( j, ) ^ 



n 



we define the Szego-composition polynomial Qn ® Rn = E ( ^ ) '^k^k^ 

k=0 ^ 

Bruijn-Springer Theorem. If a„6„ ^ 0, we have 

M(g„ ® Rn) < M{Qn)M{Rn). 

Proof. See Theorem 7 of [6] and [12]. 
We will use the following well-known formula 

27r 



k 



7^ / log \r - e'^ldO = max{0, log |r|}, r e C. 
2tt J 



Let p{z) be the polynomial in the introduction, write 



p{z + a) = zQ{z + = E (k-l)\ ^ ' 



n-l 



k=0 



p{z + a) = zY[{z--fk), lk = Zk-a, = |7fe|, 



n— 1 

p'{z + a) = nYliz - I3j), (5j = (j - a, pj = |/3j|. 

3=1 

We have 

' Q^'^Ha) ( n-l \ ^ ( n-l 



k — \ X \ / /c — 



hence 



1 / 

Q{zp + a)= p'izp"^ + a)®Y. r" y ( 

fe=o ^ 

Lemma 4.1. We have 



k 



M(p'{zp + a)) = np''-^ n PkP~^- 

Pk>p 

Proof. By (4.2) and p'{zp + a)) = n W {zp — P^), we deduce 

k=l 

2n n-l 

M{p'{zp + a)) = exp(^ /{logn + E log |pe^^ - 

k=l 

n— 1 27r 

= np»-i exp( E 2^ / log - (^''\dO) = np""-^ U. Pkp-\ 

k=l Pk>P 

the lemma follows. 
Lemma 4.2. We have 

fe=o ^ ^ ^""-12 8111; 

Proof. Since 

E feTT / = ^ n (V-"^ - (e^'^'^ - 1)), 

jfc=0 \ / fe=l 



by (4.2), we obtain 

fe=0 ^ ^ p'"-l2sin^>l 

the lemma follows. 
But 

ra-l 

Q{zp + a) = Y[{zp- 7ik), M{Q{zp + a)) = p"-^ \[ rkp-\ (4.4) 

fc=l rfe>p 

by Lemma 4.1, Lemma 4.2, (4.1), (4.3) and (4.4), Theorem 3 follows. 

Remark 4.1. It is possible to obtain new results on the Sendov conjecture by combining 

Theorem 3 with Lemma 3.1. 
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